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Abstract 

A finite group G is said to satisfy C-,^ for a set of primes vr, if G possesses exactly 
one class of conjugate vr-Hall subgroups. In the paper we obtain a criterion for a 
finite group G to satisfy in terms of a normal series of the group. 
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: Introduction 

Let TT be a set of primes. We denote by vr' the set of all primes not in vr, by 7r(n) the set 
of prime divisors of a positive integer n, while for a finite group G by Ti{G) we denote 
! 7r(|G|). A positive integer n with 7r(n) C vr is called a 7i-number, while a group G with 
Tj- ! '^{G) C TT is called a n-group. A subgroup if of G is called a n-Hall subgroup, if 7f{H) C tt 
CN ■ and TcdG : H\) C tt'. According to [1] we say that G satisfies E^^ (or briefly G G E^^), if 

G possesses a 7r-Hall subgroup. Moreover, if every two vr-Hall subgroups are conjugate, 
then we say that G satisfies G^^ {G G G.,^). Further if each vr-subgroup of G lies in a vr-Hall 
O ! subgroup then we say that G satisfies D^^ {G G D^^). A group satisfying E^^ (respectively, 

Ctt, -Dtt) we also call an (respectively, Cj^-, Dt,-) group. 

Let A, B, and H be subgroups of G such that B <A. We denote A^h(A) n Nh{B) by 
^ ■ Nh{A/B). Then every element x G Nh{A/B) induces an automorphism oi A/B acting 

by Ba i— i- Bx~^ax. Thus the homomorphism Nh{A/B) — > Aut(A/i?) is defined. The 
image of the homomorphism is denoted by Aut//(A/i?) and is called the group of H- 
induced automorphisms on A/B, while the kernel is denoted hy Gh{A/ B). If i? = 1, then 
Ant H (A/B) is denoted by AvLtH{A). 

Assume that vr is fixed. It is proved that the class of Dj^-groups is closed under homo- 
morphic images, normal subgroups (mod CFSG^), [2, Theorem 7.7] or [3, Corollary 1.3]), 
and extensions (mod CFSG, [2, Theorem 7.7]). Thus, a finite group G satisfies D^^ if and 
only if each composition factor S of G satisfies Dt^. The class of E'Tr-groups is also known 
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to be closed under normal subgroups and homomorphic images (see Lemma 4(1)), but not 
closed under extensions in general (see [4, Ch. V, Example 2]). In [5, Theorem 3.5] and 
[6, Corollary 6] it is proven that, if 1 = Gq < Gi <...< Gn = G is a. composition series 
of G that is a refinement of a chief series, then G satisfies if and only if AutG(Gi/Gj_i) 
satisfies E^^ for each i — 1, . . . , n. 

The class of Cir-groups is closed under extensions (see Lemma 5) but not closed under 
normal subgroups in general (see the example below). In the present paper, by using the 
classification of finite simple groups, we show that the class of C7r-groups is closed under 
homomorphic images (mod CFSG, see Lemma 9), and give a criterion for a finite group 
to satisfy in terms of a normal series of the group. The main result is the following: 

Theorem 1. (mod CFSG) Let n be a set of primes, let H be a n-Hall subgroup, and A 
be a normal subgroup of a C^^- group G. Then HA e Ctt- 

Corollary 2. (a conjugacy criterion for Hall subgroups, mod CFSG). Let it be a set of 
primes and let A be a normal subgroup of G. Then G & C-j^ if and only if G/A G C^r o,nd, 
for a TT-Hall ^ subgroup K/A of G/A its complete preimage K satisfies C^r. In particular, 
if\G:A\ is a t:' -number, then G & if and only if A & G,^. 

Using the corollary, at the end of the paper we give an algorithm that reduces the 
problem whether a finite groups satisfies to the same problem in some almost simple 
groups. In view of Theorem 1 notice that we do not know any counterexample to the 
following hypothesis. 

Hypothesis 3. Let tt be a set of primes and let A be a {not necessary normal) subgroup 
of a finite G.,^-group G containing a n-Hall subgroup of G. Then A & Gt^. 

In the hypothesis the condition that A includes a 7r-Hall subgroup of G cannot be 
weaken by the condition that the index of A is a 7r'-number. Indeed, consider Bs{q) ~ 
Pflrlq), where g — 1 is divisible by 12 and is not divisible by 8 and 9. In view of [2, 
Lemma 6.2], PQ^lq) is a C{2,3}-group and its {2,3}-Hall subgroup is included in a mono- 
mial subgroup. On the other hand, 1^7(2) is known to be isomorphic to a subgroup of 
Pfl-j{q) and, under the above stated conditions on q, its index is not divisible by 2 and 3. 
However 0,7(2) does not possess a {2, 3}-Hall subgroup, i.e., it is not even an £'{2,3}-group. 

1 Notations and preliminary results 

By TT we always denote a set of primes, and the term "group" always means a finite group. 

The lemmas below are known and their proof do not refer to the classification of finite 
simple groups. 

Lemma 4. [4, Ch. IV, (5.11), Ch. V, Theorem 3.7] Let A be a normal subgroup of G. 
Then the following holds. 

(1) If H is a TT-Hall subgroup of G then HflA is a ir-Hall subgroup of A, while HA/ A 
is a n-Hall subgroup of G/A. 

(2) // all factors of a subnormal series of G are either tt- or tt'- groups then G e D^^. 

^Since G/A e C„ the phrase "for a 7r-Hall subgroup K/A of G/A" in the statement can be interpreted 
as "for every" and "for some", and both of them are correct. 
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Notice that (2) of Lemma 4 follows from the famous Chunikhin's theorem on 7r-solvable 
groups and the Feit-Thompson Odd Order Theorem. 

Lemma 5. (Chunikhin; see also [1, Theorems CI and C2] or [4, Ch. V, (3.12)]) Let A be 
a subnormal subgroup of G. If both A and G/A satisfy G,^, then G e Cjr. 

Lemma 6. [3, Lemma 2.1(e)] Let A he a normal subgroup ofG such that G/A is a ir-group 

and let M be a n-Hall subgroup of A. Then a n-Hall subgroup H of G with H H A — M 
exists if and only if G acting by conjugation leaves {M" \ a G A} invariant. 

Example. Suppose that n = {2,3}. Let G = GL5(2) = SL5(2) be a group of order 
99999360 = 2^0 ■ 3^ ■ 5 ■ 7 ■ 31. Assume then that l : x e G ^ {x^y^ and G = G X (l) is a 
natural semidirect product. By [7, Theorem 1.2], G possesses 7r-Hall subgroups and each 
TT-Hall subgroup is the stabilizer of a series of subspaces V = Vq < Vi < V2 < V3 = V , 
where F is a natural module of G and dim V^/Vit-i e {1, 2} for every A; = 1, 2, 3. Hence 
G possesses exactly three classes of conjugate 7r-Hall subgroups with representatives 
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Notice that NG{Hk) — Hk, k — 1,2,3, since is parabohc. By Lemma 4(1), for every 
TT-Hall subgroup H oi G the subgroup HflG is conjugate to one of subgroups Hi,H2, and 
H^. The class containing Hi is invariant under l. Hence by Lemma 6 there exists a TT-Hall 
subgroup H oi G with H (1 G = Hi. Moreover H = Nq{Hi). The classes containing H2 
and H2 are permuted by l. So from Lemmas 4(1) and 6 it follows that these subgroups 
do not he in TT-Hall subgroups of G. Thus G has exactly one class of conjugate TT-Hall 
subgroups, and so satisfies Gtt, in contrast to its normal subgroup G. 

Lemma 7. Let A be a normal subgroup and let H be a n-Hall subgroup of a C^^-group G. 
Then Ng{HA) and Ng{H n A) satisfy G^. 

Proof. Note that both Ng{HA) and Ng{H C\ A) include H, and so they satisfy E^^. Let 
X be a TT-Hall subgroup of Ng{HA). Since HA < Ng{HA) and \Ng{hA) : HA\ is a 
TT'-number, we have K < HA and KA — HA. If x e G is chosen so that K — H^ then 
{HAY = H"^^ ^KA^HA and so x e Ng{HA). Therefore Ng{HA) e G^. 
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Suppose that K is a vr-Hall subgroup of NdHnA). Then K{H D A) = K and KnA = 
HnA. If a; G G is chosen so that K = H'-", then {HnAy = H''nA = KnA = HnA 
and so X e NciH n A). Therefore Ng{H n A) e C^. □ 

Lemma 8. ([6, Corollary 9] mod CFSG) Each ir-Hall of a homomorphic image of an 
Ej^-group G is the image of a TT-Hall subgroup of G. 

By Lemma 8 it is immediate that is preserved under homomorphisms. 

Lemma 9. (mod CFSG) Let A be a normal subgroup of a Cj^-group G. Then G/A G Cj^. 

Proof. Put G/A = G. Since all 7r-Hall subgroups of G are conjugate, it is enough to show 
that for every vr-Hall subgroup of G there exists a vr-Hall subgroup U of G such that 
UA/A — K. The existence of U follows from Lemma 8. □ 

If G -is a group then a G-class of n-Hall subgroups is a class of conjugate vr-Hall 
subgroups of G. Let ^4 be a subnormal subgroup of a E'^r-group G. A subgroup H nA of 
A, where if is a vr-Hall subgroup of G is called a G-induced ir-Hall subgroup of A. Thus 
the set {{H fl A)"" | a G A}, where if is a vr-Hall subgroup of G is called an A- class of 
G-induced n-Hall subgroups. We denote the number of all A-classes of G-induced vr-Hall 
subgroups by k^{A). Let k.„{G) = k^{G) be the number of classes of vr-Hall subgroups 
of G. Clearly k^{A) ^ k^{A). 

Recall that a finite group G is called almost simple, if G possesses a unique minimal 
normal subgroup S and 5* is a nonabelian finite group (equivalently, up to isomorphism, 
S ^ Inn(S') < G < Aut(S') for a nonabelian finite simple group S). The proof of 
Theorem 1 uses the following statement on the number of classes of vr-Hall subgroups in 
finite simple groups. 

Theorem 10. ([3, Theorem 1.1], mod CFSG) Let n be a set of primes and G be an almost 
simple finite E^^-group with the {nonabelian simple) socle S. Then the following hold. 

(1) //2 ^vr then k^{S) = L 

(2) 7/3 0vr then kf{S) G {1,2}. 

(3) If 2,3 e 71 then kf{S) G {1, 2, 3, 4, 9}. 
In particular, k^{S) is a ir-number.. 

Lemma 11. Let H be a ir-Hall subgroup, let A be a normal subgroup ofG, and HACg{A) 
is normal in G (this condition is satisfied, ifHA<G ). Then an A-class of n-Hall subgroups 
is a class of G-induced n-Hall subgroups if and only if it is H -invariant. 

Proof If ir is a vr-Hall subgroup of G then K < HACg(A), and so KACg{A) = 
HACg{A). Since the A-class {{K fl A)" | a G A} is iC-invariant, it follows that it is 
invariant under HACg{A) = KACg{A), and so under H. 

Conversely, without loss of generality we may assume that G = HA and the claim 
follows from Lemma 6. □ 

Lemma 12. Let H be a n-Hall subgroup, let A be a normal subgroup of G, and HA < G. 

Then k^{A) = k^^{A). 

Proof. Since HA is a normal subgroup of G, each vr-Hall subgroup of G lies in HA. 
Hence k^{A) = k^^{A). □ 
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Lemma 13. Let H be a i^-Hall subgroup, let A he a normal subgroup of G, and HA < G. 

Then the following are equivalent: 

(1) k^{A) = 1. 

(2) HAeC^. 

(3) Every two n-Hall subgroups of G are conjugate by an element of A. 

Proof. (1) =S> (2). If X is a 7r-Hall subgroup of HA then by (1) n A and X n A are 

conjugate in A. We may assume that H{^A = K DA. Then H and K he in Nha{H OA). 
By the Frattini argument, HA = Nha{H n A) A. So, 

Nha(h n A) /Na{h n A) = Nha{h n A) /Nha{h n A) n ^ ~ Nha{h n A)A/a = //A/A 

is a TT-group. Thus Nha{H fl A) possesses a normal series 

Nha{h n A) > Na{h f^A)>Hf^A>l 

such that every factor of the series is either a tt- or tt'- group, and, by Lemma 4(2), satisfies 
L>7r- In particular, H and X are conjugate in Nha{H fl A). 

(2) =^ (3) and (3) =^ (1) are evident. □ 

Lemma 14. Let H be a ir-Hall subgroup, let A — Ai x . . . x As be a normal subgroup of 
G, and G — HACg{A). Then for every i — 1, . . . , s the following hold: 

(1) Ng{A,)=Nh{A,)ACg{A). 

(2) NffiAi) is a n-Hall subgroup of Nc^Ai). 

(3) kt'''^^^^\lnn{A,)) = k^°^^^\A,). 

Proof. (1) follows since G = HACg{A) and ACaiA) < NciAi). Using (1) and the 
identity NniAi) n ACg{A) = HnACoiA), we see that {NaiAi) : NniAi)] = \ACg{A) : 
{H n ACg{A))\ is a 7r'-number, whence (2). 

Assume that p : Aj — > Inn(74j) is the natural epimorphism. Since Ker(p) = Z{Ai) is 
an abelian group, the kernel of p possesses a unique 7r-Hall subgroup which lies in each 
TT-Hall subgroup of Ai. Hence the map H i— )■ Hp defines a bijection between the sets 
of TT-Hall subgroups of Ai and liiii{Ai), and also induces a bijection (we denote it by the 
same symbol a) between the sets A and F of Ai- and I'n.n{Ai)- classes of TT-Hall subgroups, 
respectively. We show that the restriction of a on the set Aq of all Aj-classes of NciAi)- 
induced 7r-Hall subgroups is a bijective map from Aq onto the set Fq of all Inn(a4j)-classes 
of AutG'(Aj)-induced TT-Hall subgroups. Since A = Ai x . . . x Ag] therefore, (1) implies 
Ng^A-i) = NH{Ai)AiCG{Ai). The normalizer iVG(A) permutes elements from A acting by 
conjugation on the TT-Hall subgroups of Ai. Thus, it acts on A. By Lemma 11, Aq is the 
union of all one-element orbits under this action. By using a, define an equivalent action 
of NG{Ai) on F. Since CG{Ai) lies in the kernel of both actions, the induced actions of 
AutG'(Aj) = NG{Ai)/CG{Ai) on A and F are well-defined. It is easy to see that the action 
of AutG(Ai) on F defined in this way coincides with the natural action of the group on 
the set of Inn(74i)-classes of conjugate TT-Hall subgroups. Since 

AutG(A,)/Inn(A,) ~ Ng{A,)/A^Cg{A,) ^ Nh{A,)/{Nh{A,) n A,Cg{A^)) 

is a TT-group, by Lemma 11, Fq coincides with the union of one-element orbits of AutG(Aj) 
on F. By the definition of the action, Fq is the image of Aq under a. Since cr is a bijection, 

A;f«(^')(A) = |Ao| = |Fo| = *«(^')(Inn(AO). 
(3) follows. □ 
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Suppose A = Ai X ■ ■ ■ X As and for every i — 1, . . . , s hy JCi we denote an Ai-class of 
TT-Hall subgroups of Ai. The set 

/Ci X • • • X /C, = {{Hi, ...,H,)\HieK:i, i^l,...,s} 

is called the product of classes /Ci, . . . , /C^. Clearly /Ci x ■ ■ ■ x /C^ is an A-class of 7r-Hall 
subgroups of A. It is also clear that for a normal subgroup ^4 of G every A-class of G- 
induced 7r-Hall subgroups is a product of some Ai-, . . . , Ag- classes of G-induced 7r-Hall 
subgroups. In particular, k^{Ai) ^ k^iA) for every i — 1, . . . , s. The reverse inequality 
fails in general. 

Lemma 15. Let H be a n-Hal subgroupl and let A — Ai x ■ ■ ■ x Ag be a normal subgroup 
of G. Assume also that the subgroups Ai, . . . ,As are normal in G and G — HACg{A). 
Thenk^{A) = k^{Ai)-...-k^{A,). 

Proof. Two TT-Hall subgroups P and Q of ^4 are conjugate in A if and only if vr-Hall 
subgroups P n Ai and Q Cl Ai of Ai are conjugate in Ai for every i = 1, . . . , s. In order 
to prove the claim it is enough to show that the product of A^-, . . . , Ag- classes of G- 
induced TT-Hall subgroups is an A-class of G-induced TT-Hall subgroups as well. Assume 
that Ui,. . .,Us are G-induced TT-Hall subgroups of ^41, . . . , ^4^, respectively. We show that 

U={Ui,...,Us) = UiX...xUs 

is a G-induced 7r-Hall subgroup of A. By Lemma 11 it is enough to show that for every 
h E H there exists a E A with = U"' . Since Ui = Ki (1 Ai for appropriate vr-Hall 
subgroup Ki of G, the set {?7f' | e A} is -fTj-invariant, so this set is invariant under 
KiA = HA. In particular, U'' = t/f^ for some a, e Ai. Thus 

U'' ^U^ X ...xU^ ^U^' X ...X U^^ = X . . . X [/; = U", 

where a — ai . . . Ug & A. □ 

Lemma 16. Let H be a n-Hall subgroup, let A = Ai x ■ ■ ■ x Ag be a normal subgroup 
of G that acts transitively on the set {Ai, . . . ,As} by conjugation, and G — HACg{A). 
Then k^(A) = k^(Ai) = k^°^^'\Ai) for every i = 1, . . . , s. 

Proof We show that each G-induced TT-Hall subgroup of Ai is also a iVG'(74j) -induced 
subgroup. Indeed, if X is a TT-Hall subgroup of G, then G = KACg{A) and, by Lemma 
14, the identity A^g(A) = A^x(A)^Gg(^) holds. Moreover X n A = iV^CA) n A and 
N^iAi) is a TT-Hall subgroup of NaiAi). So every G-induced TT-Hall subgroup of A is also 
a A''G(A)-iiiduced TT-Hall subgroup, in particular, A';^(A) ^ k^°^'^'\Ai). 

Now we show that if x, y G G are in the same coset of G by Ng{Ai), then for every 
G-induced TT-Hall subgroup Ui of Ai the subgroups Uf and Uf are conjugate in Ai ~ 
Af — A\. It is enough to show that the subgroups Ui and C/^, where t — xy~^ e Ng{Ai), 
are conjugate in Ai. Put t = hac, a e A, c E Cg{A), h E H. Since and C/f"'^ are 
conjugate in Ai, it is enough to show that Ui and Ui are conjugate in Ai. Since (ac)'* G 
ACg{A) < Ng{Ai), the element h normalizes Ai as well. Assume that Ui = U (1 Ai for 
a G-induced TT-Hall subgroup U of A. Suppose that K. is an Aclass of TT-Hall subgroups 
containing [/, and let /C = /Ci x • • • x /C^, where JCi is an Aj-class of G-induced TT-Hall 
subgroups. Clearly, Ui G JCi. Since, by Lemma 11, JC is if-invariant, H acts on the set 
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{/Ci, .... ICs}. The element h normalizes Ai, hence it fix the Ai-class JCi. In particular, 
the subgroups Ui and f/{* are in /Ci, and so they are conjugate in Ai. 

Assume that f & H and A( = A^. For an Ai-class of vr-Hall subgroups /Ci we define 
the Aj-class /C{ by /C{ = {U( \ Ui e /Ci}. As we noted above, /C{ is an Aj-class of 
G-induced 7r-Hall subgroups. 

Let hi = 1, h2 ■ ■ ■ , hs he the right transversal of Nh{Ai) in H. Since G acts transi- 
tively, up to renumbering we may assume that Ai = A^^ and {Ng{Ai))'^^ = NoiAi). So 
k^''^^'\Ai) = for ^ = 1, . . . , s. Consider 

mapping an Ai-class of A^G(^i)-induced 7r-Hall subgroups JCi to an 74-class of 7r-Hall 
subgroups. Note that JC^^ x . . . x K.'l" is always if-invariant and, by Lemma 11, it is an A- 
class of G-induced vr-Hall subgroups. Notice also that a is injective, and so k^'^'''^^\Ai) ^ 
k^{A). Consider the restriction r of cr on the set of Ai-classes of G-induced vr-Hall 
subgroups. We need to show that the image of r coincides with the set of 74-classes of 
G-induced vr-Hall subgroups in order to complete the prove, since in such case we derive 
the inequality k^{Ai) ^ k^{A). 

Let /C = /Ci X ■ ■ ■ X /Cg be an A-cIass of G-induced vr-Hall subgroups. It is enough 
to show that /Cj = /C^' for every i = l,...,s. Since G acts transitively on the set 
{Ai, . . . , As}, there exists an element g E G such that = A^. Let get, where a E A, 
c e Cg{A), and t e H. Then A\ = Ai and t e A^H(^i)^j- As we already proved, K.{ = IC^*. 
By Lemma 11, /C is if-invariant. Hence JC^ — }€[ — /C^* and /C = /C^^ x • • • x/C^" = /CiT. □ 

2 A conjugacy criterion for Hall subgroups 

In the section we prove Theorem 1, Corollary 2, and provide an algorithm for determining 
whether G satisfies Cj^ by using a normal series of G. 

Proof of Theorem 1. Assume that the claim is not true, and let G be a counterexample 
of minimal order. Then G possesses a vr-Hall subgroup H and a normal subgroup A such 
that HA does not satisfy C.^. We choose A to be minimal. Let X be a vr-Hall subgroup 
of HA that is not conjugate with H in HA. We divide into several steps the process of 
canceling the group G. 
Clearly 

(1) HA = KA. 

(2) A is a minimal normal subgroup of G. 

Otherwise assume that M is a nontrivial normal subgroup of G that is contained 
properly in A. Put G = G/M and, given a subgroup B of G, denote BM/M by B. By 
Lemma 9, G satisfies Cj,, H and K are vr-Hall subgroups of G, A is a normal subgroup 
of G, HA — KA and |G| < |G|. In view of the minimality of G, the group HA satisfies 
Gtt. So H and K are conjugate by an element of A. Hence, the subgroups HM and 
KM are conjugate by an element of A. Without loss of generality, we may assume that 
HM = KM. In view of the choice of A, the group HM satisfies Gjr- Hence H and K are 
conjugate by an element of M < yl; a contradiction. 

(3) A ^ Gjr. In particular, A is not solvable. 

Otherwise, by Lemma 5, the group HA satisfies Gtt as an extension of a Gtt- groups by 
a vr-group. 
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(4) HA is a normal subgroup of G. 

Otherwise Ng{HA) is a proper subgroup of G and, by Lemma 7, we have Ng{HA) G 
C^. In view of the minimahty of G, it follows that HA G C^; a contradiction. 
In view of (2) and (3) 

(5) A is a direct product of simple nonabelian groups Si,. . . ,3^- The group G acts 
transitively on the set Q = {Si, . . . , Sm} by conjugation. 

Let Ai, . . . , As be the orbits of HA on fl, and put Tj = (Aj) for every j = 1, . . . ,s. 
In view of (4) and (5), 

(6) G acts transitively on {Ti, . . . ,Ts} by conjugation. The subgroup A is a direct 
product of Ti, . . . ,Ts and each of these subgroups is normal in HA. 

Assume that S & fl, and let T be a subgroup, generated by the orbit from the set 
{Ai, . . . , As} that contains S. By Lemma 16, 

(7) fc^ (T) = k^^^iS). 

By (7) and Lemmas 12 and 15 

(8) k^{A) = k^^{A){k^^{T)y = {k^^{S)y. 
By (8), Theorem 10 and Lemmas 14 and 16 

(9) k^{A) is a Ti-number. 
By Lemma 11, 

(10) HA fixes every A-class of G-induced n-Hall subgroups. 
Since G G Ctt, 

(11) G acts transitively on the set of A-classes of G-induced n-Hall subgroups. 
In view of (10), the subgroup HA lies in the kernel of this action. Now, by (11), 

(12) k^{A) is a n'-number. 

By (9) and (12), it follows that 

(13) k^{A) = 1. 
Now by Lemma 13, 

(14) HA G C;r; a contradiction. □ 

Proof of Corollary 2. Necessity. If G G C-j^, then, by Lemma 9, G/A G Cj^ as well. Let 
K/A be a vr-Hall subgroup of G/A. By Lemma 8, there exists a 7r-Hall subgroup H oi G 
such that K = HA. By Theorem 1, the group K = HA satisfies Ctt. 
Sufficiency. Let if be a 7r-Hall subgroup of K. Since K/A is a 7r-Hall subgroup of G/A, 
we have \G : H\ — \G : K\-\K : H\ is a 7r'-number, and so if is a 7r-Hall subgroup of G. In 
particular, G & E^^. Let Hi, H2 be vr-Hall subgroups of G. Since G/A G Cj^, the subgroups 
HiA/A and H2A/A are conjugate in G/A, and we may assume that HiA = H2A. However 
HiA G Cjr, and so Hi and H2 are conjugate. Thus G G C-j^. □ 

Lemma 17. Assume that G — HA, where H is a ir-Hall subgroup, A is a normal subgroup 
of G, and A = Si x . . . x Sk is a direct product of simple groups. Then G & Gj^ if and 
only if Auto {Si) G Cjr for every i — 1, . . . ,k. 

Proof. By the Hall theorem and Lemma 5 we may assume that Si, . . . ,Sk are nonabelian 
simple groups, and so the set {5*1, .... Sk} is invariant under the action of G by conjuga- 
tion. Moreover this set is partitioned into the orbits fli, . . . , O^. Denote an element of 
flj by Si-. By Lemmas 15 and 16, we obtain 

k^{A)^k^{Si,)-...-k^{SiJ. (1) 
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Lemmas 12 and 13 imply that HA G Cjr if and only if k^{A) = 1, and in view of 

(1) , if and only if k'^{Si) = 1 for every i. By Lemmas 14 and 16, k'^{Si) = k^'^^^'\Si) = 
^AutG(5.)(-^.^ for every i. Moreover, since | AutG'(5'j) : Si\ is a 7r-number, in view of Lemma 
13, k^^^°^^''\Si) = 1 holds if and only if AutG('S'j) e C,^. Therefore, k^{Si) = 1 for every 
i if and only if AutG(5'i) G C^. □ 

Now we are able to give an algorithm reducing the problem, whether a finite group 
satisfies C^r, to the check of C^r-property in some almost simple groups. Assume that 

G = Go>G,> ...>Gn^l (2) 

is a chief series of G. Put Hi = G = Go- Suppose that for some i — 1, . . . ,n the group 
Hi is constructed so that < H^ and H^/Gi^i is a 7r-Hall subgroup of Since 

(2) is a chief series, 

Gi-i/ Gi = SI X ... X SI., 
where SI, . . . , S}.. are simple groups. We check whether 

AutHASi)eC^,...,Aut„,{Sl)eC^. 

If so then by Lemma 17, we have Hi/Gi G C,r and we can take a complete preimage of a 
TT-Hall subgroup of H^/Gi to be equal to -ffj+i. Otherwise, by Corollary 2, we deduce that 
G ^ and stop the process. By Corollary 2 it follows, that G satisfies C^r if and only if 
the group if^+i can be constructed. Notice that in this case Hn+i is a vr-Hall subgroup 
of G. 

Corollary 18. // either 2 ^ tt or 3 ^ tt, then G ^ Gt^ if and only if every nonabelian 
composition factor of G satisfies G^. 

Proof. The sufficiency follows from Lemma 5. We prove the necessity. By the above 
algorithm, we may assume that S < G < Aut(S') for a nonabelian finite simple group 
S, and G/S is a 7r-number. We need to show that S e G^^. Assume the contrary. Then 
Lemmas 11 and 13 imply that G stabilizes precisely one class of 7r-Hall subgroups of S. 
Therefore, S possesses at least three classes of vr-Hall subgroups. On the other hand, since 
either 2 ^ vr, or 3 ^ vr, by Theorem 10 the number of classes of 7r-Hall subgroups in S is 
not greater than 2; a contradiction. □ 

Notice that in the case 2 ^ tt the corollary is immediate from [8, Theorem A] and 
Lemma 5. 
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